Wepreserita new fustuppmach for sviface segmentation of thin structures, like vessels and vascular trees, based on Fast Marching and Level Sets methods. Fast Marching allows segmentation of tubular structures inflating a "long balloon" from a user given single point. Howevez when the tubular shape is rather long, the front propagation may blow up through the bounday ofrhe desired shape close to the startirig point. Our contribution is focused on a uay to 80 on front propagation orilv on the actually moving front and freezing other points. We demonstrate the abilih. to buildafastandaccurate segmentation for those tubularand tree structures. We also develop a useful stopping crirerion for the causal frorit propagation. We illustrate our algorithms by applications on the segmentation of vessels in 3 0 medical imuges.
Introduction
We are interested in this paper in segmentation of tubular surfaces from 3D images, motivated by medical applications like vessels and vascular tree. These surfaces can therefore have several branches. Much work has been done on surface segmentation since the introduction of deformable models (see references in [IO] ). The recent trend of deformable surfaces makes use of Level Sets methods (for example [I] ). A major drawback of level sets methods is their huge computation time, even when using a narrow band. Fast Marching, introduced in [Ill, allows fast surface segmentation when the evolution is always outwards like a balloon [3, 91. Using the Fast-Marching algorithm to propagate a wave front inside a colon C T scanner, we can extract the surface of the colon, starting from an initial seed point. using the Fast-Marching as a region-growing method [ 5 ] . We have developed an algorithm that can be the basis of this kind of tubular shape extraction object: a technique to evolve a front inside an object of interest and compute at the same time the geodesic distance to the starting point inside the object. This distance can be used to stop the front propagation inside the desired object. The result of this technique is shown in figure I . Top image is the 3D CT scanner, and bottom images show some steps of the front propagation in the 3D dataset.
However, classical segmentation problems d o not provide an excellent contrast like the air-filled colon on a CT scanner, and the propagation cannot stick to the object walls for long and thin objects. We show in this article how the Fast Marching surface segmentation. which is not tuned for this kind of thin and long objects, can he specifically optimized for this target.
Fast-Marching and Surface Segmentation
Considering a 3D surface r moving under speed F in its normal direction, in the Level-Sets formulation, it is embedded as the zero level set of a function $ defined in the 3D image space. This leads to evolution equation
(1)
In the case of r moving with a speed F > 0, it leads to a new equation that determines the evolution of the surface or arrival time T ( x ) , also called action (see [ I I ] for details):
This Eikonal equation (2) has been used for surface extraction in [9] . Discretized with an up-wind scheme, it is then solved using Far-Marching (table I) , given an initial starting point pa. In practice the front is propagated until a fixed time is reached. Figure I shows iterations of this front propagation in a 3D image with potential P defined in order to segment the colon. Evolution is stopped when a given geodesic length has been traveled by the front IS].
Propagation Freezing for Thin Structures
Freezing a voxel during front propagation is to consider that it has reached the boundary of the structure. When the front propagates in a thin structure, there is only a small part of the front, which we could call the " h e a d of the front, that really moves. Most of the front is located close to the boundary of the structure and moves very slowly. Forexample voxels that are close to the starting point, the "tail" of the front, are moving very slowly. However, since the structure 
Using Weighted Distance for Freezing
The geodesic weighted distance inside the object between a point and the starting point can be computed in the fast marching process without much extra cost as shown for a different application in L7.51. This is the Euclidean length of the minimal path (according to P, see [21) that joins the points. It seems "natural" to use this distance V ( v ) between a voxel v and the starting point, or relatively to the most far propagating pan of the front. since this notion i s completely embedded in the topology of the object we are trying to extract: the section of a tube-shaped object must be small with respect to its length. We must discriminate the points of the front that are near the initializing seed point while other pans of the front are already far. I t will prevent from flooding in non-desired areas of the data. The geodesic distance to the starting point is a measure which contains information about the geometry of the surface extracted, and in particular its length. A 2D example on the synthetic test is shown in figure 4 . The domain visited by our algorithm is slightly smaller than without freezing (figure 3-right) and thir domain shortens with the distance criterion, when we compare left and middle images in figure 4 which are action maps with distance criterion of respectively 100 and 50. The figure 4-right is a zoom on the freezing map which clearly demonstrates that the Freezing principle discriminates the points located far from the propagating fronts (frozen pans are represented in white). 
A l g o r i t h m for the Freezing
At each time step we insert our visited points both in the classical action related heap, and in another min-heap datastructure where the ordering key is the distance to the seed point, which means that the element at the top of the heap will still be the point that is the closest Trial point to the starting point. At each iteration, we are able to remove all the points whose keys are lower than this criterion, starting from the minimum element in the binary heap.
In the following is detailed an algorithmic implementation of the Freezing with : Starting point po located at the root of the tree structure; action map 7, one min-heap stmclure XT and a venaltv imane P which will drive the front Fast-Marching algorithm of This heuristic is to discriminate the parts of the front that are propagating slowly, by recording the maximum distance which has been traveled, and compare it to the distance which has been traveled by these parts. If the ratio between those two distances is superior to a given threshold, we "freeze" those parts by setting there speed artificially to zero. It enables to stay inside the object when it is long and thin like a tubular structure, as shown in figure 4.
Illustration on Vascular Tree Segmentation
The method explained previously is very useful when it is used for vascular segmentation. Segmentation is therefore performed in a very fast manner by just setting a seed point at the top of the tree hierarchy. Figure 5 displays results of this method on three different objects. The distance threshold is a parameter which is not very sensitive: we generally take a value related to the a priori dimensions of the object. This threshold must he larger than the assumed maximum section of the object. It will approximately represent the volume of points bounded by the connected envelope of the front voxels that are not frozen.
Stopping criterion
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Initialization
Having designed an adequate criterion for Freezing the of the evolving wave in other parts of the image, we now explain our strategy to stop automatically the propagation. The Freezing process will provide a criterion which is independent of the number of different branches to recover.
If we plot the maximum distance d, , , of section 3.2, as a function of iterations while propagating the front, we observe the following profile shown in figure 6 . We clearly Euclidean length [7, 51 ; min-heap data structure XU, where unwanted pans of the front that could lead .cRooding., Let pmin be thc Trial point with the smallest action 7;
in both min-heap S~N C~U~C S X7 and X n ;
Loop: at each iteration see that this distance increases linearly until a big decrease of the slope appears. It is important to notice that this shock Figure 6 . Using Distance for Stopping propagation in t h e Aorta indicates when the front flows out of the object at "heads" of the front. We decide to stop front propagation at this particular time. During the first part of the plot, the function is quasi-linear. The slope is directly related to the section area of the tubular object. By definition of Fast Marching, the number of iterations is equal to the number of voxels that are alive and close to the volume of the region inside the front. It means that passing through a certain length in the aorta implies to visit a number of voxels proponional to the length. This is the case in general for tubular shapes.
Let us assume that the global section of our aorta is constant in our dataset. This is approximately true in large parts, but becomes a wrong assumption in the very thin pans of the vessels and arteries. But we can assume that the front propagates at the same speed inside the object. Therefore, the number of voxels visited is proportional to the section area. Then the slope collapse can be easily detected using a simple threshold on the slope, depending on the object we want to extract. Even if there are aneurysms in the data set, and even if the mean section of the object increases with the depth, we can assume that we do not want to extract an object which is twice the maximum section. We could then derive a criterion on the maximum section of the object s,,, which gives a related value of minimal slope. Recording the first iteration where the slope decreases, it gives us the maximum distance where we must stop propagation.
Discussion
What is the gain of our approach? The freezing algorithm reduces the number of points visited to a small portion of the image, leading to accurate segmentation in 10 seconds, for the M R datasets shown in figure 2 , on a commercial computer.
Conclusion
Concerning tree tracking application, main improvements brought by this method are to accelerate the computations, by visiting a very small number of voxels during propagation, and to segment thin tubular structures, therefore enabling the centering of trajectories inside those tubular structures. Further work will concern the extraction of the multiple trajectories, together with the segmentation step, in a single process, for visualization and quantification of pathologies. Those trajectories can be the input to an endoscopic tool, as done in [6] .
